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1. Introduction

It is broadly accepted that climate–economic modelling (Integrated Assessment modelling) inevitably implies substantial uncertainties [8]. One of established approaches for taking into account these uncertainties is performing Monte Carlo simulations with Integrated Assessment models (IAMs) [4, 6, 8]. The idea of the method is that instead of one model run a series of model runs is performed with model parameters that are likely to be responsible for critical uncertainties randomly varying from one model run to another, and then the probability distributions of output model variables of interest are constructed on the basis of these model runs.
Given the complexity of state-of-the-art IAMs, many of which need substantial computational resources, the probability distributions can be obtained only numerically. However, in case of simple ‘toy’ models that have analytical solutions it might be occasionally possible to ‘imitate’ this numeric Monte Carlo procedure by exact analytical calculations of probability distributions and of moments of random output variables of interest. A constructive example of such an ‘imitation’ is provided in the present paper.

The paper is organized as follows. In Sec. 2 a simple climate–economic model based on the AK model with the endogenous depreciation rate and on the exogenous climate scenario is described and its analytical solution is obtained. In Sec. 3 the uncertainty of climate projections is introduced in the model, and the Monte Carlo procedure is imitated. Sec. 4 provides some numerical examples and discussion. Sec. 5 concludes.

2. The AK model with temperature-dependent depreciation rate

The standard AK model is the simplest model of endogenous economic growth [1]. In the AK model the capital 
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where 
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 is the savings rate, 
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 is the technology parameter and 
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 is the depreciation rate (all parameters are assumed to be constant). According to Eq. (1), the capital grows exponentially:
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where 
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 is the initial capital stock and
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is the (background) growth rate.

Following some previous theoretical work on Integrated Assessment modelling [2, 3, 5, 7], we now assume that the depreciation rate is climate-dependent, and that it increases as global warming evolves. Taking the temperature 
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 as a proxy of the state of the climate system, we assume the linear temperature dependence of the depreciation rate:
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where 
[image: image11.wmf]0

d

 is the initial value of the depreciation rate, 
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 is the constant sensitivity of depreciation rate to temperature change, and 
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 is the initial value of the temperature. Then Eq. (1) should be rewritten in the form
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or, equivalently, 
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where Eq. (3) has been taken into account.
For the sake of model tractability, we assume a very simple exogenous climate scenario with linear temperature growth:
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Then it can be easily shown that the solution of Eq. (6) takes the form
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3. Impact of uncertainty of temperature projections
We now assume that the parameter 
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 is not known with certainty. Instead, we represent it as a sum of its mean value 
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By substituting the decomposition (9) into Eq. (8) we get
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where
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It follows immediately from Eq. (11) that the mean value of capital at time 
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 is equal to
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where
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By substituting Eqs. (10) and (13) into Eq. (15) and taking the resultant integral we get
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It follows then from Eqs. (12), (14), and (16) that
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We now turn to calculation of standard deviation of 
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where
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is the variance of 
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Finally,
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and, from Eqs. (12), (17)-(18), and (21)
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4. Numerical examples and discussion
To provide several numerical results, we adopt the following values of model parameters: 
[image: image48.wmf]=

0

r
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0.2(°C)-1 (i.e. the depreciation rate doubles if mean temperature rises by 5°C); 
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0.03°C/year (that corresponds to 3°C warming per century); 
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0.01°C/year.
As follows from Eq. (8), the (time-dependent) growth rate
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in the case of no uncertainty is equal to
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so it decreases linearly in time and eventually becomes negative. At the same time, according to Eq. (17), the time-dependent growth rate of mean value of capital in the case of uncertainty
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is equal to 
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and it increases at large times. The graphs of 
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According to Eq. (8), in case of no uncertainty the time dependence of capital 
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and for numerical values of parameters specified above 
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 is equal to 133 years. The graph of normalized capital 
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Finally, the graph of normalized mean value of capital 
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 in case of uncertainty is shown on Fig. 3. As seen on the figure, it rapidly increases at large times.

So why the solution in case of no uncertainty is so different in the long run from the average solution in case of uncertainty? The reason is in that the values of a random variable 
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 from a ‘symmetric’ couple (
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) contribute asymmetrically (‘unevenly’) to the resultant moments: lower-than-average temperature growth rates contribute more than higher-than-average ones. This means that the resultant average solutions are shifted from high-end scenarios to low-end ones when climate change matters less, and therefore the average solution in case of uncertainty is overly much more optimistic in the long run that the solution in case of no uncertainty.
5. Conclusions

A simple climate–economic model described in Sec. 2 has the exact analytical solution. Moreover, its uniqueness is that it allows introducing the uncertainty in a tractable way and calculating probability distributions and moments of model state variable in closed analytical form as well. As the discussion in Sec. 4 has shown, the model yields instructive results. We believe performing the same procedure with other ‘toy’ IAMs that can be solved analytically and semi-analytically would be an interesting direction of further research. One important issue that should be addressed in such modelling exercises is going beyond symmetric distributions for model parameters (like normal distribution adopted in the present paper) to address the problem of ‘fat tails’ that is currently topical in economics of climate change.
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Figure 1: The time-dependent growth rates in case with no uncertainty (
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Figure 2: Normalized capital dynamics in case of no uncertainty.

[image: image74.emf]0 100 200 300

0

1

2

3

4

5

6

7

8

9

10

Normalized capital (dmnl)

Years

 



K(t)



/K

0


Figure 3: The dynamics of mean value of normalized capital in case of uncertainty.
� This section is based on a part of our previous work: Kovalevsky D.V. Exact analytical solutions of some behaviourist economic growth models with exogenous climate damages. Submitted to: Journal of Mathematical Economics.
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