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The Structural Dynamic Economic Model SDEM-2 is
essentially a model of a closed economy growing
under conditions of conflict of interests of two
powerful aggregate actors: entrepreneurs and wage-
earners. We study the economic growth within
SDEM-2 both in system dynamic and optimization
model setups. For the system dynamic model setup,
four alternative control strategies of entrepreseue
considered in detail: the “altruistic” control stgy,

the “moderate output growth” control strategy, the
“here and now” control strategy, and the “moderate
dividend growth” control strategy. In the optimimat
setup the Pontryagin's maximum principle is applied
to SDEM-2 to solve the linear and logarithmic tili
maximization problems. The degree of sub-optimality
of system dynamic solutions is evaluated

Keywords: ECONOMIC GROWTH, DYNAMIC
SYSTEM, DYNAMIC OPTIMIZATION

The Structural Dynamic Economic Model (SDEM) waisiatly proposed

in[2] and later served as a basis for the devebopnof the Multi-Actor

Dynamic Integrated Assessment Model (MADIAM) aimat modeling the

dynamics of the coupled climate-socioeconomic systader conditions of

global warming [5, 10] — a problem broadly discusse the economics of

climate change [8-9]. In the current paper we meva brief description of an
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upgraded model SDEM-2 following R¢T] and study the dynamics of a closed
economy driven by conflict of interests of two mbdectors: employers
(entrepreneurs) and employeegwage-earners). We treat SDEM-2 both in the
system dynamic and the optimization setups.

The paper is organized as follows. Sec. 2 is devtmtea brief description
of the model SDEM-2. Sec. 3 describes the systemaityc model setup. Four
alternative control strategies of entrepreneurs @esidered in detail: the
“altruistic” strategy, the “moderate output growttirategy, the “here and now”
strategy, and the “moderate dividend growth” stpatdn Sec. 4 the dynamic
optimization techniques based on the Pontryagireximum principle are

applied to SDEM-2 to maximize linear and logarithmtility. Sec5 concludes.

2.SDEM-2: model description

In this section we provide a brief overview of theodel SDEM-2:
detailed derivations of model equations can bedauari6, 7].

SDEM-2 is a model of a closed economy. The poputatdynamics is
exogenous (the exponential growth of populationhvat constant ratel, is
assumed), and population (equal to labor forcauthemployment is assumed)
is divided into two social classes: entrepreneorsprising a constant fraction
6 of population ¢<6<1) and wage-earners comprising the remaingdes) of
population.

The structure of consumption in the economy is blbfWage-earners
consume everything they earn (the average wagasaaige-earner are denoted
as w). Entrepreneurs do not earn wages — instead, eacbpreneur consumes
the “dividend”d .

The per capita outpuy in the economy depends on per capita physical
capital k and per capita human capitalas two primary production factors.

Unlike in standard economic growth models (cf. [if)lese two forms of capital
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are assumed to be non-substitutable. For the q@mmnelsng production function
we adopt the Leontief form
y = min(ik, th) (1)
where v, u are constant factors. An in-depth discussion ef blackground
behind Eq. (1) can be found in [4-6]. In what fellwe consider a regime of
balanced growth when
vk =gh. (2)
The dynamics of the economy is governed by a sysfaimree first-order
ordinary differential equations:

k=i = (A + Ak, 3)
h=ip = (A + AN, (4)
W= /]W(tharg ~W). (5)

Egs. (3)-(4) are capital dynamics equatioipsand i, being the investments in
physical and human capital, respectively, apdand A, being the depreciation
rates of physical and human capital, respectiviety. (5) is the wage dynamic
equation describing the wage negotiation procesgdan trade unions of wage-
earners and entrepreneussis a parameter reflecting the negotiation power of

entrepreneurs o<q<1), 4, is the wage adjustment rate, angt) is a

(changing)target wage rate dependent on the current state of the economy (for
the discussion on choice of investmentsand i, and calculation Ofw,(),
see [4-6]).
We now come to non-dimensional variables. First, mgoduce an
auxiliary constant
@y = UV — A —VA, — (U +V)AL (6)
and a non-dimensional parameter

AU +V)

4

(7)
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We note then that if we adopt the method of qugntf the macroeconomic
parameters in goods units (as opposed to monetaitg),uthen k]=good,

[ w]=[ d ]|=good/year. We introduce new variables with tildes

w= o w, (8)
7o
d= o d, (9)
and a non-dimensional time
T=At. (10)

Note thatk, W andd can be regarded as non-dimensional, if a non-diiaal
value is assigned to the unit “good”.
Finally, the problem (3)-(5) can be posed in a donensional form

(tildes have been removed from non-dimensionabwées)

k=yk-w-d), (11)
W=ok-w, (12)
O<ds<k-w, (13)
0<wy<Kkg. (14)

Note that the dimensionality of the dynamic systeas been reduced
(from 3D to 2D) in view of the additional conditiar balanced growth (Eqg. (2),
see [6-7] for a discussion). The second inequatitfzq. (13) follows from the
additional constraink>0. Eq. (14) is a constraint on initial conditionsnake
them compatible with the non-zero dividend at thigal time.

To close the model, we should somehow specify thiepreneurs’
dividend d — the control variable of the problem. We will useo alternative
model setupghe system-dynamic model setup andthe optimization setup.

In system-dynamic model setup entrepreneurs choosgr) at every instant
according to a certain formalized control strategther in the form

d(r) = By (k(r),W(r) (15)

(as adopted in [5, 10]); or, alternatively, in fbem
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d(7) = D, (k(®),w(),d (7)) (16)
(as discussed in detail in [4, 6]).
The optimization model setup implies maximization of entrepreneurs’
utilities. We will use either linear or logarithmitility function, calculating the

utilities in non-dimensional form:

uln = o(j:d(r) expCAT)dT (17)
ulos = Zln[d(r)]exp(—Ar)dr, (18)

where
A :% (19)

is a non-dimensional discount rateé (s the dimensional discount rate in
Eqg. (19)).

3. System-dynamic setup

3.1. The matrix form of dynamic equations
In this section we treat SDEM-2 in system-dynamiocdel setup. This
means that the system (11)-(14) should be supplemehy some control
strategy of entrepreneurs formalizing their dividexmoice. In what follows we
will consider several control strategies of thenfagiven by Eq. (15).
It is convenient to rewrite the dynamic equatiahk){(12) in the matrix
form. To do this, we introduce the state vector
x=(k, w)' (20)
with the initial condition
X(0)=xo=(ko, Wp)", (21)

the matrix
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i 2 )
and an auxiliary vector
e=@ 0. (23)
Then Egs. (11)-(14) can be rewritten in a compaxhf
X = Ax - e d(7) x(0) = Xg, (24)
0<wy<Kg, (25)
O<ds<k-w. (26)

In what follows we will consider four different eapreneurs’ control
strategies to close the system (24)-(26): the Usstic” strategy, the “moderate
output growth” strategy, the “here and now” strgte@nd the “moderate
dividend growth” strategy.

3.2. Control strategies of entrepreneurs
3.2.1. “Altruistic” control strategy
We consider first an (unrealistic) case in whictuadtic business strives
only to maximize the growth rate of the economy mmaximizing the
investment, and takes no dividend:
d(z)=0. (27)
The treatment of this case has little economicesamgself, however, the
results of this subsection will be broadly usethiem remainder of the paper.
The dynamic equation (24) then takes the homogenkeom
X=Ax, x(0) =X, (28)
with the symbolic solution
X() = exp(AT)Xq . (29)
To examine the dynamic properties of the solutianhave to calculate
the eigenvalues of the matrix.

The eigenvalueg, obey the characteristic equation
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Da(A) =detA A1) =0 (30)
where| is a unit matrix. Ifqg<1, then the eigenvalues have opposite signs, and
the following inequality holds:

—-1<A_<0<A, <y. (31)
An example of the numeric solution for “altruisticontrol strategy is

shown on Fig. 1.

3.2.2. “Moderate output growth” control strategy

We now assume that entrepreneurs choose theirethdich such a way
that the steady growth of per capita physical eafdand consequently of per
capita output) at a constant rateis maintained. Essentially, this means that the
output evolves like in the standadk model [1]. The dynamic system (24)-(26)
yields in this case:

k(r) = koexp@ar) (32)
w(r) =T eXp(aT)"'(Wo qk;jexp(—r), (33)
dtr) = P2 1 expiar) |y~ oot (34)

(in the last equation we have used the notatiomn fi6qg. (30)). Since for
0<a<A, we haveD,(a)<0 then in this range ofr we obtain thatd(r) - +»
whenr - +o.

Note that the control strategy (34) can be equntblgresented in a form

of a simple rule
d(7) =(1—%Jk(r) —W(T). (35)

To sum up, in case of the “moderate output grovdtrategy the per
capita capital grows exponentially at the raté€though less rapidly than when
the “altruistic” strategy is adopted). The wageerahd the dividend also grow

exponentially in the asymptotic limit at the saratel .
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3.2.3. “Here and now” control strategy
Let us consider now the “moderate output growthiategy (see
Sec. 3.2.2) in the limiting case wherx0, i.e. when the per capita capital does
not grow at all:
k(r) = const=kg . (36)
This situation corresponds to the case in whicliepnéneurs decide to
choose at every instant the maximum dividend pbs$dy the current state of

the economy (the “here and now” strategy):

k=0, d(7) = k(1) ~W(7) . (37)

The dynamic system (24)-(26) yields in this case:
W(T) = ko + (W = Gko) €XPET) (38)
d(7) = (L~ a)ko — (W — ko) €XPET) - (39)

Obviously, the “here and now” strategy leads tgisédion: neither the per
capita capital nor the output grow, while the wagtie and dividend converge
asymptotically to constant values. However, as Jlesee in Sec. 4.1, in the
linear utility maximization model setup and for tbase of a sufficiently large
discount rate, self-interested entrepreneurs sgit® maximize their utility will
indeed choose this “here and now” strategy leattinthe socially non-optimal
situation of stagnation.

The numeric solution for “here and now” controlasggy is shown on
Fig. 2.

3.2.4. “Moderate dividend growth” control strategy
Finally we consider a strategy when entreprenetgsaling to maintain
the growth rate oflividend (not of output, like it was in Sec. 3.2.2) at a constant

ratea:

d(7) = dyexp@ar) (40)
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where the initial value of the divideng] has to be chosen at a maximum level
still obeying the model constraints.
Substituting Eq. (40) into Eq. (24), we easily fitige solution in the
symbolic form
x(1) = expA1){xo ~ (A - at) Leydo )+ (A - ) Feyyd, expar) (41)
Clearly, the bigger the initial value of the divide d, the better for
entrepreneurs. However, the solution should obeyptioper constraints. It can

be shown that entrepreneurs can chagse Eq. (40) according to the formula

do =min(”+;a{ko—y_y)|_ Wo}ko_WoJ- (42)

We will see below that in the case of logarithmtdity maximization
(Sec. 4.2) the exponential growth of dividend (itee “moderate dividend

growth” control strategy) proves to be the optimalrepreneurs’ choice.
4. Optimization setup

4.1. Linear utility maximization

Now we come to the optimization model setup for 8OE As discussed
in Sec. 2, the dynamic equations and constrairdaldibe supplemented in this
case by the utility maximization condition. In thesbsection we consider the
dynamic system (24)-(26) supplemented by the line@ity maximization
condition (20):

X = Ax - e, d(7) x(0) =xg, (43)

0<w,<kg, (44)

0O<ds<k-w, (45)

maxu/" = maxojod(r) expAT)dr . (46)
0

This problem can be solved by applying the Poniryagmaximum

principle in its general form [3] allowing to taketo account the constraints on
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control variables depending on state variablesh(gconstraint appears in the
second inequality in Eq. (45)).

For the linear utility maximization problem undeonsideration the
corresponding Hamiltonian is linear in, therefore it is evident that the system
always evolves along one of the boundaries of Has@ space:

eitherd=0 ord=k-w, (47)
with possible occasional instant discontinuous teles” from one boundary to
the other (the relay control). Therefore we immedyachoose the “here and
now” entrepreneurs’ control strategy whem) = k(r) -w(z) as a candidate for the
optimal solution. But would not the entrepreneuesvialling to stick at some
time spans to the “altruistic” control strategy(z{=0) and to sacrifice their
dividend for a while, allowing the economy to grew fast as it can, and then
switching to the “here-and-now” strategy to enjbye textensive consumption
with more attractive initial conditions?

An analysis shows that £ > 1, , then the “here and now” control strategy
of entrepreneurs (Sec. 3.2.3) is the optimal gixawenen the linear utility (46) is
maximized. In the opposite case</, the linear utility (46) can be made
arbitrarily high by combining the *“altruistic” anthere and now” control
strategies.

A constructive example of a set of control stragegproviding the

arbitrarily high level of linear utility whem < 4, is as follows: initially to adopt
the “altruistic” control strategyd(r)=0, r<r;) and then to switch to “here-and-
now” strategy @(r) =k(r)-w(r),r>r). It can be shown that!"(r)) - +o when
, - too,

Explicitly, the maximum value of utility (46) whem>), and

entrepreneurs adopt the ““here-and-now" (HN)edgatcan be calculated from a
simple formula

Ull-ilrlll* :fl:|rNX0’ (48)
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where

(1-q+a 1Y
fHN_(A(A+1)’ A+1]’ (49)

andx, is the initial condition.

It is instructive to calculate the linear utilitider three other control
strategies considered in Sec. 3.2 and to evalhatelégree of “sub-optimality”
of these control strategies. We omit the derivatiand provide here only the
final results.

(i) The “altruistic” control strategy (A):

uin =o; (50)
(i) The “moderate output growth” control stratedOG):
Umoc+ = fmocXo. (51)
where
.
_[ _ Da(a) q 1 _ 1 .
fuos _( yd+a) +1+aDA+1’ A+1J ’ (52)
(i) The “moderate dividend growth” control strgie(MDG):
Ull\i/InDG* =fupcXos (53)
where, depending on the relation betw&gandw,, either
RV A2 (54)
MbG y A-a y—A_
or
1
fvpe :m[ﬂl -1)". (55)

The degree of sub-optimality of i-th control strategy from (i)-(iii) can

then be evaluated according to the formula

U_Iin
=1 =k (56)

UHN*

4.2. Logarithmic utility maximization
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Finally we consider the logarithmic utility maxinaizon problem. The
system of equations (43)-(45) should be supplendentav by the logarithmic

utility maximization condition (23):

X = Ax - e d(7) x(0) = Xg, (57)

0<wy<Kky, (58)

O<sds<k-w, (59)

maxU.%9 = maxTIn[d(r)]exp(—A r)dr. (60)
0

We write down the Hamiltonian
H =In[d]expAT) +¢' (Ax - jed) , (61)
where¢=(g,, ¢,)" is a vector of shadow variables. The maximizatbm in

d provides the condition

d= expAT) ’
7 (62)
while the dynamic system for shadow variables takesxplicit form
¢=-ATp. (63)

It is easy to check that if the eigenvalues ofrtiarix A are equal tol,, A, and
A_<0<4,, then the eigenvalues of the matrixa( ) are equal to«1,), (-1.),
and -1, <o<-A_. Therefore the general solution of the homogensgsiem (63)
is given by a formula
@(7) = @, eXpEAT) + o_exp(-A.T) (64)
whereo, , ¢_ are eigenvectors of the matrixA").
The transversality conditionp(r) ~ 0 whenr - +») forces us to exclude

the second (growing) term from the r.h.s. of E4)(@hus,

¢(1) =9, expA,T), (65)
and, particularly,

8(7) = po XPEAT) . (66)
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By substituting Eq. (66) into Eq. (62) we get adidate for the optimal
solution in the form of the “moderate dividend gtbivcontrol strategy with
a=A —-A.

d(r) = doexpl(A, -2)7). (67)

Restricting ourselves to the practically interggtorase of growing, not
decaying, economy, we impose the constraiaf,. Then we can make use of

the results of Sec. 3.2.4 to write down the optis@lition. Having calculated in

such a way the initial value,, we are then able to calculate the utility (66§ t

final result being
og _1 Ay
U:ngx,*_Z(ln do +K_1j . (68)
In the following we will restrict ourselves to thease w, <gk,. By

substitutinge = 1, -A into EqQ. (42) we get

o= 2o~ - (69

(we have used here the identjty_ =1+ 4, ).
It can be shown that foiw,<qk, the first option in Eq. (69) is always

smaller than the second one, so

do=2l k- . (70)
Therefore we come to the optimal strategy of thienfo
d(r)——{ko—lwl Wo}exd(/h—A)r). (71)

It can be easily shown that in case of optimal wdnstrategy the

identity (70) holds not only for the initial timbut also for every time:

_ y
d(r) = y{k(r)—l ) r}. (72)

So the entrepreneurs actually have to follow a wample rule (72) when

choosing the value of the dividend.
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The sub-optimality of other control strategies barevaluated in this case

by applying a formula analogous to Eq. (56).

5. Conclusions

The model SDEM-2 considered in this paper proveldetguite unique in
that it overcomes in many respects the watershédelea system-dynamic
macroeconomic models and optimization models (@tterd being more deeply
implanted in neoclassical economic growth theoty. [(hdeed, as is shown in
Sec. 4, two of the four quite natural and stragtward control strategies of
entrepreneurs — the “here and now” control strat€g§gc. 3.2.3) and the
“moderate dividend growth” control strategy (Se&.8) — provide at the same
time the optimal solutions in case of linear anghlathmic utility maximization
problems, respectively. From purely mathematicalwioint, one of the reasons
for this “coincidence” is in adoption of the Leaefti production function
(Eq. (1)) which is essentially linear in physicah@ human) capital in case of
balanced growth (Eq. (2)) on which the current papécused.

We are planning to use the results obtained ingaper when developing
a stylized Integrated Assessment model based aensydynamic version of
SDEM-2 to evaluate the efficiency of potential irsgiimn of global carbon price

as climate mitigation policy [9-10].
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FIGURES

k, w, d [dmnl]

0 20 40 60 80 100
Time [years]

Figure 1: The dynamics of non-dimensional capitaivagesw and dividendd for
“altruistic” control strategy
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Figure 2: The dynamics of non-dimensional caphitalvagesw and dividendd for “here
and now” control strategy.
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